According to the heavy-quark flavour symmetry, the B → π, K transition form factors could be related to the corresponding ones of D-meson decays near the zero recoil point. 
Introduction
Exclusive semileptonic B-and D-meson decays, such as B → πℓν, D → πℓν and D → Kℓν, provide a means both to measure fundamental Standard Model (SM) parameters and to perform detailed studies of decay dynamics [1, 2, 3, 4] . For example, one can determine the CabibboKobayashi-Maskawa (CKM) [5] matrix elements |V cs | from D → Kℓν, |V cd | from D → πℓν, and |V ub | from B → πℓν through measurements of the corresponding differential decay rate.
In order to extract precise information about these parameters, it is essential to have a good theoretical control over the hadronic matrix elements between the initial-and the final-state mesons, which are usually parameterized as transition form factors. This is, unfortunately, a very difficult task because of the involved non-perturbative hadronic effects.
There have been many studies devoted to the computation of these heavy-to-light transition form factors. Various quark models have been employed (see, e.g., [6, 7, 8] ), which in many aspects help our phenomenological understandings of the heavy-to-light transitions. More quantitative predictions, however, require techniques based on first principles of QCD, such as lattice QCD (LQCD) simulation (see, e.g., [9, 10, 11, 12, 13] ) and/or QCD sum rules on the light-cone (LCSR) (see, e.g., [14, 15, 16, 17, 18, 19] ). These two methods are complementary to each other with respect to the momentum transfer q 2 between the initial-and final-state mesons: while the LQCD calculations are restricted to high q 2 region, reliable predictions of the LCSR method can only be made at low q 2 region. Neither the LQCD nor the LCSR calculations predict the form factors over the full q 2 region.
In order to interpolate between the results for small and large momentum transfers, various form factor parameterizations have been suggested in the literature: the two-parameter Bećirević-Kaidalov (BK) ansatz [20] , the three-parameter Ball-Zwicky (BZ) ansatz [15] , the so-called Series Expansion (SE) representation [21, 22, 23] , as well as the representation from the Omnes solution to the dispersive bounds [24] . A good review of these different Ansätze could be found in Refs. [10, 25] .
In the past few years, much progress has been made in our understanding of B-and D-meson semileptonic decays. Especially for the latter, measurements have advanced in accuracy from 6%-20% [26] on the normalization and ∼ 10% [27] on the shape to ∼ 1% on both [25] of the transition form factors. In an effective theory where both the charm and bottom quarks are treated as heavy, there is an SU(2)-flavour symmetry [28, 29, 30] , which relates heavy quarks of the same four-velocity v but different mass. Using this heavy-quark flavour symmetry (HQFS), we can relate the B → π, K transition form factors to the precisely measured D → π, K ones near the zero-recoil point [31] , where 1/m Q power corrections are estimated to be small [32] .
Combining the fit of the shape parameters from experimental data and/or other theoretical calculations with the HQFS relation, we can then extract the B → π, K form factors at zero momentum transfer.
Our paper is organized as follows. In Section 2, we provide the definition of heavy-to-light form factors and their different parameterizations, as well as the relationship between the Band D-meson form factors based on the HQFS. In Section 3, after collecting the up-to-date measured D → π, K form-factor shape parameters, we use the HQFS to get the corresponding B → π, K form factors at the zero-recoil point; using the fitted results for the shape parameters in various parameterizations, we then give our final numerical results for B → π, K form factors at q 2 = 0; some interesting phenomenological discussions are also presented in this section. Our conclusions are made in Section 4.
2 Heavy-to-light transition form factors
Definition of form factors
The hadronic matrix elements for a generic semileptonic decay H → P ℓν, where H and P denote a heavy and a light pseudoscalar meson respectively, is usually written in terms of two form factors f + (q 2 ) and f 0 (q 2 ) [15, 33] ,
where q ≡ p H − p P is the momentum transferred to the lepton pair, and V µ ≡qγ µ Q denotes the heavy-to-light vector current. The additional relation f + (0) = f 0 (0) holds at the maximal recoil point.
In the case of massless leptons, which is a good approximation for ℓ = e, µ, the form factor f 0 (q 2 ) is absent and the differential decay rate for H → P ℓν involve f + (q 2 ) only:
, being the usual triangle function. To obtain the total width, one should integrate Eq. (2) over the entire physical region, 0 ≤ q
which requires the precise knowledge of the normalization and the q 2 -dependence of the form factor f + (q 2 ). On the other hand, a precise experimental measurement of the decay rate, in combination with a controlled theoretical calculation of the form factor, allows for a clean determination of the CKM matrix element |V qQ |.
The heavy-to-light form factors are also needed as ingredients in the analysis of two-body hadronic B-meson decays, e.g., B → πK, in the framework of QCD factorization [34] , again with the objective to provide precision determinations of quark-flavor mixing parameters in the SM.
Form-factor parameterizations
Due to their special role in flavour physics, a variety of theoretical calculations for the heavyto-light form factors exist in the literature. In additional to various quark models (see, e.g., [6, 7, 8] ), the current state-of-the-art methods based on first QCD principles are LQCD simulations (see, e.g., [9, 11, 10, 12, 13] ) and QCD sum rules on the light-cone (LCSR) (see, e.g., [14, 15, 16, 17, 18, 19] ). The latter two result in predictions for different q 2 regions. The LQCD calculations are only available in the high-q 2 region, while LCSR provides information near q 2 = 0; neither of them can predict the form factors over the full q 2 range. Interpolations between these two regions are therefore needed.
While the prediction of the exact form-factor shape is challenged for any theoretical calculations, it is well established that the general properties of analyticity, cross symmetry, and unitarity largely constrain the possible behavior of the form factor in the semileptonic region [23, 35, 36] . Specifically, it is expected to be an analytic function everywhere in the complex q 2 plane outside of a cut that extends along the positive q 2 axis from the mass of the
This assumption leads to a dispersion relation (see, e.g., [22, 37] ):
where
is the mass of meson H * for H → π or H * s for H → K, and α gives the relative size of contribution to f + (0) from the H * (s) meson. Most of the suggested form factor parameterizations in the literature are motivated by a version of the dispersion relation Eq. (3), with the integral being approximated by a number of effective poles [22, 37] ,
where the expansion parameters ρ k and γ k are unknown.
A parametrization known as the simple pole model (SP) assumes that the sum in Eq. (4) is dominated by a single pole [20] ,
where f + (0) sets the normalization of the form factor, and the value of m pole is taken to be
for B → π(K). The SP ansatz is certainly too naive, since there is no reason for the lowest-lying pole to saturate the form factor.
Another parametrization, known as the modified pole model (MP) or Bećirević-Kaidalov (BK)
ansatz [20] , adds a second term to the expansion given in Eq. (4), thus assuming that all higherorder poles can be modeled by a single effective pole. After making some further simplifying assumptions, the two pole terms are reduced to [20] 
where m pole is generally fixed to the H * (s) mass, f + (0) sets the normalization and α BK defines the shape of the form factor. As an extension of the BK ansatz, Ball and Zwicky proposed to use the following parametrization (the so-called Ball-Zwicky (BZ) ansatz) [15] ,
with the two shape parameters α BZ and r BZ , and the normalization f + (0). It is related to the BK ansatz by the simplification α BK = α BZ = r BZ . Both the BK and BZ Ansätze incorporate many of the known properties of the form factor, such as the kinematic constraint at q 2 = 0, heavy-quark scaling, and the location of the lowest-lying pole. They are also featured by both being intuitive and having fewer free parameters.
Although these parameterizations have been widely adopted in the literature, the presence of poles near the semileptonic q 2 regions causes the sum in Eq. (4) to have poor convergence properties, creating doubt as to whether truncating all but the first one or two terms leaves an accurate estimate of the true form-factor shape. Another class of parameterizations, known as the Series Expansion (SE) [21, 22, 23] , attempts to address the problem [22, 38] .
Exploiting the analytic properties of f + (q 2 ), a transformation of variables is made that maps q 2 in the semileptonic region onto a unit circle |z| < 1, where
, and t 0 is any real number less than t + . In terms of this new variable, z(q 2 , t 0 ), the SE ansatz corresponds to the following form-factor parametrization [21, 22, 23, 38] :
The Blaschke factor P (q 2 ) accounts for the low-lying resonances presented below t + . Since
In Eq. (9), φ(q 2 , t 0 ) is an arbitrary analytic function outside a cut in the complex q 2 plane from
where the factor χ (0)
J can be calculated using perturbation theory and the operator product expansion [21, 39] . A variant form for φ(q 2 , t 0 ) could be found in Ref. [22] .
In order to accelerate the convergence of the power series in z, the free parameter t 0 in Eq. (8) can be chosen to make the range of |z| as small as possible. With the traditional [22] , as well as the above choices for P (q 2 ) and φ(q 2 , t 0 ), it can be shown that the sum over all k of the series coefficients a 2 k is of order unity by unitarity bound or even much less than one due to the heavy-quark bound [22] . The tight heavy-quark constraint on the size of the coefficients in the z-expansion, in conjunction with the small value of |z|, ensures that only the first few terms in the series are needed to describe heavy-to-light semileptonic form factors to a high accuracy. Thus, the SE ansatz has improved convergence properties over Eq. (4).
Form-factor relationship based on heavy-quark flavour symmetry
The heavy-quark flavour symmetry (HQFS) relations for form factors were first obtained by Isgur and Wise in a different parameterization for the hadronic matrix elements [31] ,
where the form factor f − (q 2 ) is related to f + (q 2 ) and f 0 (q 2 ) defined in Eq. (1) by
Based on the HQFS symmetry, it follows that [31] :
where L denotes a light pseudoscalar meson like π or K. As emphasized in Ref. [31] , these relations certainly hold near the zero recoil point where q 2 is near its maximum value q
2 . Furthermore, at this kinematic limit, the form factors f ± (t − ) obey the so-called Isgur-Wise scaling laws [40] ,
where m Q denotes the heavy-quark mass, and logarithms of m Q arising from perturbative QCD corrections have been neglected. To the leading order in 1/m Q , we can therefore set
With this approximation and relations Eq. (15), we finally get
The reliability of the relation Eq. (17) depends on the importance of symmetry-breaking corrections of order 1/m Q . Fortunately, as discussed in detail by Burdman et al. [32] , the power corrections to f + (q 2 ) turn out to be small, being only of order 15% [32] . Therefore, in principle, we can evaluate the B → P transition form factors from the corresponding ones in D-meson semileptonic decays, which have been recently measured to a new level of precision by the CLEO [25] , Belle [41] , and BaBar [42] collaborations.
This idea has been used to estimate the CKM matrix element |V ub | [43] , to study the rare B → V γ and B → V ℓ + ℓ − decays [31, 44] , as well as to study two-body hadronic B-meson decays [45] and so on [46] .
Numerical results and discussions
Combining the form factor parameterizations and the HQFS relation with the precisely measured D → πℓν and D → Kℓν decays [25, 41, 42] , it is possible to extract the corresponding B → π and B → K form factors, which will be detailed in this section.
Measured D → π, K transition form factors
In the last few years, a new level of precision has been achieved in measurements of branching fractions of exclusive semileptonic decays D → πℓν and D → Kℓν by the CLEO [25] , Belle [41] , and BaBar [42] collaborations, using complementary experimental approaches. These results are all highly consistent with each other. For more details, the readers are referred to these original references.
These experiments have also performed studies of the q 2 parameterizations of the form factors and extracted the associated shape parameters. A summary of the form factor parameters obtained for isospin-combined D → πℓν and D → Kℓν decays is given in Tables 1 and 2, respectively.
As concluded in Ref. [25] , the quantity of the fits is good for all these parameterizations:
the two-and three-parameter (2 para. and 3 para.) SE, as well as the BK Ansätze (4)(2) factor. The fitted results within the BK ansatz are also consistent with the recent LQCD calculation [9, 12] ; especially as show in Figure 2 in Ref. [12] , the agreement between the experimental measurements and the LQCD computation is good for D → πℓν and very good for D → Kℓν. Tables 1 and 2 , we can now get the corresponding ones of B → π, K decays at the zero recoil point.
Before presenting the results for f 
These results are in good agreement with the recent lattice determination [48] . For all the other parameters, we list them in Table 3 . Throughout the paper, we use the isospin-averaged given, respectively, in the first row of Tables 4 and 5 , where the uncertainties come mainly from the shape parameters. These results could be used to test predictions based on the effective heavy meson chiral lagrangian, describing the interactions of low-momentum pions with mesons containing a single heavy quark [52] (for a review, see [53] ). For example, a larger value, f
B→π + (26.42) = 10.38 ± 3.63 is quoted by Arnesen et al. [21] . With their respective uncertainties taken into account, our results are also consistent with the LQCD simulation, 
Numerical results for f
B→π,K +
The B → π and B → K transition form factors at zero momentum transfer, f B→π,K + (0), are also important ingredients in two-body hadronic B-meson decays within the framework of QCD factorization [34] . In this subsection, assuming a definite behavior of the q 2 dependence and using the input f + (q 2 max,B ) determined above, we shall extract the normalized form factors at q 2 = 0.
For the B → π transition form factor f + (q 2 ), thanks to the precisely measured q 2 spectrum in semileptonic B → πℓν decay [54, 55] , the form-factor shape parameters can be extracted with a good accuracy [22, 54, 55, 56] . Using the fitted shape parameters [56] ,
+0.15
−0.22 , r BZ = 0.64
our final numerical results for f Table 4 , respectively. It is noted that both the BK and the BZ parameterizations for B → π form factor give almost the same values in each column.
Comparing our results listed in Table 4 with the most recent LCSR calculations, [16] , (20) we can see that, while the results using the CLEO data based on the SP and 3 para. SE Ansätze are consistent with Eq. (20) within their respective error bars, all the other sets, especially the ones from the Belle data, are consistently smaller than the LCSR predictions.
Through a χ 2 fit to the current available experimental data on B → P P and B → V P decays within the framework of soft-collinear effective theory (SCET) [57] for hadronic B-meson decays [58] , Williamson and Zupan [59] , and Wang et al. [60] have extracted the transition form factor, 
where the numbers in the brackets are results including the chirally-enhanced penguin contribution; for more details, we refer the readers to Ref. [60] . It can be clearly seen that our results are in good agreements with these fits. In addition, in order to better describe the current experimental data on tree-dominated B → ππ decays, the QCD factorization predictions based on the next-to-next-to-leading order calculation also prefer a smaller form factor [61] .
In principle, both the shape and the normalization of the B → K transition form factor f + (q 2 ) could also be extracted from the rare B → Kℓ + ℓ − and B → Kνν decays. It is, however, not feasible at present due to the lack of precise information on the dilepton invariant mass spectra. The situation should be improved in the near future, ultimately allowing for a precise determination of the form-factor shape parameters directly from experimental data [1, 3] .
Following Ref. [62] , we use the following parametrization for the form factor f
where s = q 2 /m −0.04 [16] , (24) we can see that, although being roughly consistent with each other with the large uncertainties taken into account, the default values of our results in Table 5 are also much lower than the LCSR predictions. On the other hand, our default results are in good agreements with the ones extracted from hadronic B-meson decays within the SCET framework [59, 60] 
Conclusions
In this paper, motivated by the much precisely measured semileptonic decays D → πℓν and D → Kℓν by the CLEO [25] , Belle [41] , and BaBar [42] As remarked by Isgur and Wise [31] , our results, while less complete than a real QCD calculation like light-cone QCD sum rules and/or lattice QCD, are systematic consequences of QCD; the corrections to our results are suppressed by powers of 1/m Q or by the stronginteraction coupling constant evaluated at a heavy-quark mass scale.
In order to gain further information about the q 2 behavior of heavy-to-light transition form factors, much more precise experimental data on exclusive semileptonic B-and D-meson decays are urgently needed.
